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Periodic orbits of large diameter for circle maps
Llu´ıs Alseda` and Sylvie Ruette
Abstract
Let f be a continuous circle map and let F be a lifting of f . In this note we study how
the existence of a large orbit for F affects its set of periods. More precisely, we show that, if
F is of degree d ≥ 1 and has a periodic orbit of diameter larger than 1, then F has periodic
points of period n for all integers n ≥ 1, and thus so has f . We also give examples showing
that this result does not hold when the degree is non positive.
1 Introduction
One of the basic problems in topological dynamics in one dimension is the characterization of the
sets of periods of all periodic points. This problem has its roots and motivation in Sharkovskii
theorem [7]. A lot of effort has been spent in generalizing Sharkovskii theorem for more and
more general classes of continuous self maps on trees, and finally the characterization of the
set of periods of general tree maps is given in [1]. While the set of periods of tree maps can
be described with a finite number of orderings, circle maps display new features. The set of
periods of a continuous circle map depends on the degree of the map (see, e.g., [2]). Consider
a continuous map f : S → S, where S = R/Z, and F a lifting of f , that is, a continuous map
F : R → R such that f ◦ π = π ◦ F , where π : R → S is the canonical projection (F is uniquely
defined up to the addition of an integer). The degree of f (or F ) is the integer d ∈ Z such that
F (x + 1) = F (x) + d for all x ∈ R. If |d| ≥ 2, then the set of periods is N (the case N \ {2}
is also possible when d = −2). If d = 0 or d = −1, then the possible sets of periods are ruled
by Sharkovskii order, as for continuous interval maps. The case d = 1 is the most complex one
and requires the rotation theory. Let F be a lifting of a degree 1 circle map f . The rotation
number of a point x ∈ R is ρ
F
(x) = limn→+∞
Fn(x)−x
n
, when the limit exists. The set of all
rotation numbers is a compact interval [a, b], and the set of periods of f contains
{q ∈ N | ∃ p ∈ Z, a <
p
q
< b}.
This comes from the knowledge of the set of periods of periodic points with a given rotation
number, which can be reduced from the study of periods of points of rotation number 0.
In this note, we show that the set of periods of a lifting F of a circle map f of degree d ≥ 1
is N if F has a periodic orbit of diameter larger than 1. This result obviously projects on the
circle: if such a periodic orbit exists for F (for f , this means that the periodic orbit “spreads”
on more than one turn on the circle), then the set of periods of f is N. Our result improves
the well known fact that the set of periods of f is N for d ≥ 2. Indeed, when a large orbit
exists, it shows that there is a subclass of orbits of f (namely those which come from a true
periodic orbit of a lifting F ) whose set of periods already contains N. This study, in addition
to its own interest, is mainly motivated by the case d = 1 because it might shed some light on
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the characterization of the set of periods of maps of degree 1 on topological graphs containing a
loop. In particular the graph shaped like the letter σ (an interval glued to a circle). For liftings
of maps of the graph σ, it seems that periodic orbits of rotation number 0 of “large” diameter
force all periods greater than or equal to 2. When the branching point of σ is fixed, the possible
sets of periods are known [4]. On the other hand, a rotation theory has been developed for
continuous self maps on topological graphs with a unique loop in [3], and the rotation set of a
σ map is studied in [6], which is a first step in the comprehension of the case of graph maps of
degree 1.
2 Statement and proof of the result
Let F : R → R be a continuous map. A point x ∈ R is periodic (for F ) if there exists an integer
n ≥ 1 such that Fn(x) = x. The period of x is the least integer n with this property, that is,
Fn(x) = x and F i(x) 6= x for all 1 ≤ i ≤ n − 1. A periodic orbit is the orbit of some periodic
point x, that is, {F i(x) | i ≥ 0}, which is a finite set. A set A ⊂ R is F -invariant if F (A) ⊂ A.
Clearly, the only non empty F -invariant subset of a periodic orbit P is P itself.
Remark 2.1 Let F be a lifting of a circle map f : S → S. Then a point π(x) ∈ S is periodic
for f if and only if x is periodic (mod 1) for F , that is, ∃n ≥ 1, k ∈ Z, Fn(x) = x + k. If in
addition f is of degree 1, then ρF (x) = k/n, and thus the periodic points of F are exactly the
periodic (mod 1) points of rotation number 0.
Now we state the main result of this note.
Theorem 2.2 Let F : R → R be a continuous map which is the lifting of a circle map of degree
d ≥ 1. Assume that F has a periodic orbit P of period n such that maxP −minP > 1. If d = 1,
then the rotation interval of F contains the interval [− 1
n
, 1
n
] and, consequently, F has periodic
points of all periods. If d ≥ 2 then, F also has periodic points of all periods.
Proof. We consider separately the cases d = 1 and d ≥ 2.
Assume first that d = 1. Set p := minP and let k < n be the positive integer such that
F k(p) = maxP > p+ 1. Let
Fu(x) := sup{f(y) : y ≤ x}.
From [2, Proposition 3.7.7(d)] it follows that Fu is continuous, non-decreasing and has degree
one (that is, Fu(x+1) = Fu(x)+1 for every x ∈ R). Moreover, if we use [2, Proposition 3.7.7(a)]
and the fact that Fu is non decreasing, we get F
i
u(x) ≥ F
i(x) for all x ∈ R and i ≥ 1, and hence
F ku (p) > p+ 1.
Assume that F kℓu (p) > p+ ℓ for some ℓ ∈ N. Then, by [2, Proposition 3.1.7(c)],
F k(ℓ+1)u (p) = F
k
u (F
kℓ
u (p)) ≥ F
k
u (p+ ℓ) = F
k
u (p) + ℓ > p+ (ℓ+ 1).
Hence, F kℓu (p) > p+ ℓ for every ℓ > 0 and, consequently,
lim sup
j→+∞
F ju(p)− p
j
≥ lim sup
ℓ→+∞
F kℓu (p)− p
kℓ
≥ 1
k
> 1
n
.
On the other hand, since Fu is non-decreasing, [5, Theorem 1] implies that ρFu (x) exists for
each x ∈ R and is independent of the choice of the point x. This number is called the rotation
number of Fu and denoted by ρ(Fu). From above it follows that ρ(Fu) = ρFu (p) >
1
n
. Then, in
view of [2, Theorem 3.7.20(a)] it follows that the right endpoint of the rotation interval of F is
2
larger than 1
n
. In a similar way (using maxP instead of minP ) it follows that the left endpoint
of the rotation interval of F is smaller than − 1
n
. Thus, the theorem in the case d = 1 follows
from [2, Lemma 3.9.1].
Now we consider the case d ≥ 2. As above we set p := minP , and q := maxP > p+1. Since
the F -orbit of P is periodic, F j(p) ≥ p for every j ≥ 0. So, by [2, Proposition 3.1.7(c)], the
sequence {F j(p+1)}∞j=0 is contained in (p,+∞) and diverges to +∞ (in particular, F
j(p+1) 6= q
for every j). Since p+1 < q there exists m ≥ 0 such that p < r := Fm(p+1) < q but F j(r) > q
for every j > 0. Since P 6⊂ [r,+∞), there exists s ∈ P such that q ≥ s > r but F (s) < r.
Set I = [r, s] and J = [s, F (r)]. Then F (I) ⊃ I ∪ J and F (J) ⊃ I. It is well known that in
this situation, there exist periodic points of period ℓ for every integer ℓ ≥ 1. To give a precise
proof, we use [2, Corollary 1.2.8]: for ℓ = 1, we use F (I) ⊃ I; and for all ℓ ≥ 2, we get that
there exists x ∈ J such that F ℓ(x) = x and F i(x) ∈ I for all 1 ≤ i ≤ ℓ− 1, which implies that
x is periodic of period ℓ (indeed, if F i(x) = x for some 1 ≤ i ≤ ℓ− 1 then x ∈ I ∩ J , which is
impossible because F (s) 6∈ I ∪ J). This ends the proof of the theorem. 
Remark 2.3 A simple generalization of the above theorem and its proof for the case d = 1
is the following. Assume that F has periodic orbits P1, P2, . . . , Pj such that the set
⋃j
i=1〈Pi〉
is connected and has diameter larger than one, where 〈Pi〉 denotes the convex hull of Pi (that
is, the smallest closed interval containing Pi). By ordering the periodic orbits (and possibly
withdrawing some of them), we may assume that minPi+1 ≤ maxPi for all 1 ≤ i ≤ j − 1. Let
|Pi| denote the period of Pi. For each 1 ≤ i ≤ j, there exists a positive integer ki < |Pi| such
that F ki(minPi) = maxPi. Let p := minP1 = min
⋃j
i=1 Pi. Using the facts that Fu is non
decreasing and F ku (x) ≥ F
k(x) for all x ∈ R and all k ≥ 1 (see the proof of Theorem 2.2), we
get
F k1u (p) ≥ maxP1 ≥ minP2
F k1+k2u (p) ≥ F
k2
u (minP2) ≥ maxP2 ≥ minP3
...
F
k1+...+kj
u (p) ≥ maxPj = max
j⋃
i=1
Pi > p+ 1.
Then, in a similar way as in the proof of Theorem 2.2, it is possible to show that, for every
ℓ > 0,
Fmℓu (p) > p+ ℓ
where m = k1 + · · · kj < n :=
∑j
i=1 |Pi|. Consequently, the rotation interval of F contains the
non-degenerate interval [− 1
n
, 1
n
]. Thus, F has periodic points of all periods.
The next corollary is a straightforward consequence of Theorem 2.2.
Corollary 2.4 Let f : S → S be a continuous circle map of degree d ≥ 1 and F a lifting of f .
If there exists a periodic orbit P for F such that maxP −minP > 1 then f has periodic points
of all periods.
The conclusion of Theorem 2.2 does not hold when the degree d is non positive. For d = −1,
F (x) = −x gives a trivial counter-example. The cases d = 0 and d ≤ −2 are treated in
Examples 2.6 and 2.5, respectively.
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Example 2.5 Let d be an integer, d ≥ 2, and let F˜ : [0, 1] → R be the map defined by (see
Figure 1):
F˜ (x) :=


(3− 4d)x if x ∈ [0, 1/4],
(2d− 3)x+ 3(1−d)2 if x ∈ [1/4, 3/4],
(3− 4d)x+ 3(d − 1) if x ∈ [3/4, 1].
Observe that
(2d− 3)14 +
3(1−d)
2 =
3
4 − d = (3− 4d)
1
4 , and
(2d− 3)34 +
3(1−d)
2 = −
3
4 = (3− 4d)
3
4 + 3(d − 1).
Therefore, F˜ is continuous, F˜ (0) = 0, F˜ (14) =
3
4 − d, F˜ (
3
4 ) = −
3
4 and F˜ (1) = −d. Observe
that F˜ (x) = −x for x ∈ {0, 34} and F˜ (x) < −x for x ∈ [0, 1] \ {0,
3
4}. Moreover, it is a
straightforward computation to show that F˜ (x) + d = −F˜ (1− x) by considering separately the
cases x ∈ [0, 1/4] ∪ [3/4, 1] and x ∈ [1/4, 3/4].
Now consider the map F : R → R defined by F (x) := F˜ (x−⌊x⌋)− d⌊x⌋, where ⌊x⌋ denotes
the integer part of x (see Figure 1).
Clearly F is a lifting of a continuous map of the circle of degree −d (in particular, F (x+k) =
F (x) − dk for every x ∈ R and k ∈ Z). Moreover, F is odd. To see it take x ∈ R and write
x = ⌊x⌋+ x˜ with x˜ ∈ [0, 1). Then,
−F (−x) = −F (−x˜− ⌊x⌋) = −F (−(⌊x⌋+ 1) + (1− x˜))
= −F (1− x˜)− d(⌊x⌋+ 1) = −F˜ (1− x˜)− d(⌊x⌋ + 1)
= F˜ (x˜) + d− d(⌊x⌋ + 1) = F (x˜)− d⌊x⌋ = F (x˜+ ⌊x⌋) = F (x).
From above it follows that F (0) = 0, F (34) = −
3
4 and F (−
3
4 ) =
3
4 . Hence, 0 is a fixed point
of F whereas {−34 ,
3
4} is a periodic orbit of F of period 2 with diameter larger than one. To
end this example we will show that F has no other periodic points.
We claim that |F (x)| > |x| for all x ∈ R \ {−34 , 0,
3
4}. When x ∈ [0, 1] this amounts to
showing that F (x) < −x whenever x /∈ {0, 34} and this follows from our remarks on F˜ . When
x ≥ 1 we have ⌊x⌋+ 1 > x ≥ ⌊x⌋ ≥ 1 and, hence,
F (x) = F (x− ⌊x⌋)− d⌊x⌋ ≤ −⌊x⌋ − 1 < −x.
The case x < 0 follows from the fact that F is odd. This ends the proof of the claim.
From the above claim it follows that if x ∈ R is not a preimage of 0 or 34 under some iterate
of F , then |x| < |F (x)| < |F 2(x)| < · · · and thus it cannot be periodic. Hence, F has no
periodic points other than {−34 , 0,
3
4}.
Example 2.6 We define a (continuous) lifting of circle map of degree 0 F : R → R as follows.
First we choose p ≥ 3 odd and points x0, x1, . . . , xp and z0, z1, . . . , zp in R such that
x0 < z0 − 1 < xp < zp−1 < xp−2 < zp−3 < · · · < x3 < z2 < x1 <
z1 < x2 < z3 < . . . xp−3 < zp−2 < xp−1 < zp < x0 + 1 < z0.
Set P := {x0, x1, . . . , xp, z0, z1, . . . , zp} and P˜ := P ∪ {z0 − 1, x0 + 1}. Then we define F
so that F (xi) = xi+1 and F (zi) = zi+1 for i = 0, 1, . . . , p − 1, F (xp) = z0, F (zp) = x0,
F is affine in the closure of every connected component of [x0, z0] \ P˜ and furthermore we
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Figure 1: The graphs of the map F with d = 4 and y = −x (dotted line) in the interval [−1, 2].
impose that F (x + 1) = F (x) for every x ∈ R (in particular F (z0 − 1) = F (z0) = z1 and
F (x0 + 1) = F (x0) = x1) (see Figure 2 for an example with p = 3).
Clearly, the above conditions define a continuous function from R to itself that is the lifting
of a circle map of degree 0. Moreover, P is a periodic orbit of F of period 2p+2 and this orbit
is large since maxP = z0 > x0 + 1 = minP + 1. We will show that F has no periodic orbits of
period 3, 5, . . . , p. Thus, F does not have periodic points of all periods.
To show our claim we will compute the Markov graph of the map F and show that it has no
loops of the specified length. We observe that, by definition, F (R) = [x0, z0]. So we only have
to consider the graph on the finitely many vertexes contained in [x0, z0]. To this end, we define
the intervals I0 := [x1, z1], Ii := 〈xi, zi+1〉 and Ji = 〈zi, xi+1〉 for i = 1, 2, . . . , p− 1 (where 〈a, b〉
denotes either [a, b] or [b, a] depending on the order of a, b), Ip := [z0 − 1, xp], Jp := [zp, x0 + 1],
I ′p := [x0, z0 − 1], J
′
p := [x0 +1, z0]. Then F is a Markov map with respect to this partition and
its Markov graph has exactly the following arrows:
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Figure 2: Graph of F for p = 3.
• I0 −→ I0,
• I0 −→ I1 −→ I2 −→ · · · −→ Ip−1
ր
ց
I ′p −→ I0
Ip
,
• I0 −→ J1 −→ J2 −→ · · · −→ Jp−1
ր
ց
J ′p −→ I0
Jp
,
• Ip −→ K for all K ∈ {J1, J3, . . . , Jp, J
′
p, I2, I4, . . . , Ip−1},
• Jp −→ K for all K ∈ {I1, I3, . . . , Ip, I
′
p, J2, J4, . . . , Jp−1}.
By direct inspection one can see that in the above graph any loop contains either I0, Ip or Jp.
Moreover the loops not containing I0 are all of even length. The shorter simple loops of odd
length greater than 1 are exactly the following four loops of length p+ 2:
• I0 −→ I1 −→ I2 −→ · · · −→ Ip−1 −→ I
′
p −→ I0 −→ I0,
• I0 −→ I1 −→ I2 −→ · · · −→ Ip−1 −→ Ip −→ J
′
p −→ I0,
• I0 −→ J1 −→ J2 −→ · · · −→ Jp−1 −→ J
′
p −→ I0 −→ I0,
• I0 −→ J1 −→ J2 −→ · · · −→ Jp−1 −→ Jp −→ I
′
p −→ I0.
Consequently the Markov graph of F has no loops of lengths 3, 5, . . . , p and, by [2, Lemma
1.2.12], the map F cannot have periodic points of any of these periods.
Acknowledgments
We thank the anonymous referee for detailed and clever comments that helped us improve this
article.
6
References
[1] Ll. Alseda`, D. Juher, and P. Mumbru´. Periodic behavior on trees. Ergodic Theory Dynam.
Systems, 25(5):1373–1400, 2005.
[2] Ll. Alseda`, J. Llibre, and M. Misiurewicz. Combinatorial dynamics and entropy in dimension
one. second ed., Advanced Series in Nonlinear Dynamics, 5. World Scientific Publishing Co.
Inc., River Edge, NJ, 2000.
[3] Ll. Alseda` and S. Ruette. Rotation sets for graph maps of degree 1. Ann. Inst. Fourier
(Grenoble), 58(4):1233–1294, 2008.
[4] M. C. Leseduarte and J. Llibre. On the set of periods for σ maps. Trans. Amer. Math. Soc.,
347(12):4899–4942, 1995.
[5] F. Rhodes and C. L. Thompson. Rotation numbers for monotone functions on the circle. J.
London Math. Soc. (2), 34(2):360–368, 1986.
[6] S. Ruette. Rotation set for maps of degree 1 on the graph sigma. Preprint 2007. Available
on arXiv:0712.3815v1.
[7] O. M. Sˇarkovs′ki˘ı. Co-existence of cycles of a continuous mapping of the line into itself.
Ukrain. Mat. Z˘., 16:61–71, 1964. (Russian).
Llu´ıs Alseda`1 – Departament de Matema`tiques, Edifici Cc, Universitat Auto`noma de Barcelona,
08913 Cerdanyola del Valle`s, Barcelona, Spain
E-mail address: alseda@mat.uab.cat
Sylvie Ruette – Laboratoire de Mathe´matiques, CNRS UMR 8628, Baˆtiment 425, Universite´
Paris-Sud 11, 91405 Orsay cedex, France
Email address: sylvie.ruette@math.u-psud.fr
1Partially supported by MEC grant number MTM2008-01486.
7
